Three dimensional N=4 supersymmetric mechanics with Wu-Yang monopole by Bellucci, Stefano et al.
ar
X
iv
:0
91
1.
32
57
v1
  [
he
p-
th]
  1
7 N
ov
 20
09
Three dimensional N=4 supersymmetric mechanics with
Wu-Yang monopole
Stefano Belluccia, Sergey Krivonosb and Anton Sutulinb
a INFN-Laboratori Nazionali di Frascati, Via E. Fermi 40, 00044 Frascati, Italy
b Bogoliubov Laboratory of Theoretical Physics, JINR, 141980 Dubna, Russia
Abstract
We propose Lagrangian and Hamiltonian formulations of a N = 4 supersymmetric three-dimensional
isospin-carrying particle moving in the non-Abelian field of a Wu-Yang monopole and in some specific
scalar potential. This additional potential is completely fixed by N = 4 supersymmetry and in the
simplest case of flat metrics it coincides with that which provides the existence of the Runge-Lenz
vector for the bosonic subsector. The isospin degrees of freedom are described on the Lagrangian level
by bosonic auxiliary variables forming N = 4 supermultiplet with additional, also auxiliary fermions.
Being quite general, the constructed systems include such interesting cases as N = 4 superconfor-
mally invariant systems with Wu-Yang monopole, the particles living in the flat R3 and in the R×S2
spaces and interacting with the monopole, and also the particles moving on three-dimensional sphere
and pseudo-sphere with Wu-Yang monopole sitting in the center.
The superfield Lagrangian description of these systems is so simple that one could wonder to see
how all couplings and the proper coefficients arise while passing to the component action.
1 Introduction
The most natural description of quantum mechanics of a isospin-carrying particle in the background of
magnetic monopole [1] is achieved within the Hamiltonian formalism. In this setup the basic equations are
Wong’s equations [2] which are equations of motion in the non-relativistic mechanics of an isospin particle
in a background Yang-Mills field. Being quite enough for the bosonic particles cases, this approach meets
a lot of problems when we attempt to add supersymmetry. Indeed, the Lagrangian description in terms
of superfields is a natural framework for supersymmetric theories, especially in the case of extending
(N ≥ 2) supersymmetries. Therefore, to enjoy all power of the superspace approach one has to switch
to the Lagrangian formalism. The main questions in such a description are to which supermultiplet the
isospin degrees of freedom belong to and how to write the corresponding action? Clearly enough, to
clarify these points one has to treat the isospin vector as a composite one. The rather old idea is to
construct isospin currents Ia from the physical fermions presented in the theory as Ia ∼ (ψ σaψ¯) (see
e.g.[3, 4] and refs. therein). The fermions ψ appear in the theory together with auxiliary bosons and after
quantization Ia obeys a proper algebra (the su(2) one in the present case). The Lagrangian for fermions
has a standard form and coupling with physical bosons and fermions can be also done in a standard
manner. So, everything is nice besides additional unpleasant features arising from the fermionic nature of
the building blocks - ψ variables. For example, in the case of su(2) symmetry any quadratic combination
IaIb will be proportional to δab, while the triple product IaIbIc will be identically equal to zero. The
evident way out of such problem is to construct the isospin currents from bosonic variables Ia ∼ (u σau¯).
Then, if we insist that Ia have to obey su(2) algebra after quantization, these bosonic variables u, u¯ have
to enter the Lagrangian with first-order in time derivatives kinetic term as fermions ψ did. Again, there
are no problems with the realization of this idea in the purely bosonic case (see e.g. [5]). Recently, such
description has been successfully used to obtain a Lagrangian formulation of a isospin particle interacting
with the Yang monopole within the second Hopf map [6]. Nevertheless, using the bosonic variables as
the building blocks for isospin currents yields back the question about accompanying fermions and the
action.
A first solution of these problems has been proposed in [7], where auxiliary bosonic and fermionic
degrees of freedom constitute an auxiliary gauge supermultiplet. Then this idea has been used for the
construction of N = 4 superconformal mechanics with isospin degrees of freedom [8]. This approach is
rather involved and a more economical setup, in which one may reproduce (at least) the one particle case,
has been developed in [9]. Both these approaches suffer from the same problem – it is not immediately
clear how to extend them to the supersymmetric systems with more than one physical bosonic component.
Such an extension is absolutely necessary to describe isospin-carrying particles.
A third approach, which we will advocate here [10], used the ordinary superspace and ordinary
superfields. Its key feature, which makes fermions into auxiliary components and gives first order in time
derivatives kinetic term for bosonic variables, is just a specific coupling between twoN = 4 supermultiplets
involved in the game. This coupling reads extremely simple in the superspace as
Sc =
∫
dtd4θX ΨαΨα,
where X and Ψ are a set of properly constrained N = 4 superfields (see next Sections for the details).
Despite its simplicity, the action Sc, being supplied by the additional action for the physical supermultiplet
X , did everything. One may enjoy to see how all needed terms will appear one by one while passing to
the component action. But if we are treating the scalar bosonic superfield X as an independent one, as
it was done in the paper [10], there is no hope to describe the isospin particles. In the present Letter we
proposes to consider X as a composite superfield, constructed from N = 4 tensor supermultiplet V ij in
a rather simple way as
X =
1√
V ijVij
.
Just this composite nature of the basic superfieldX provides many nice features of our model. It describes
the three-dimensional particle with isospin moving in the field of a Wu-Yang monopole [11] equipped with
a specific potential term. This additional potential is completely fixed by N = 4 supersymmetry and
in the simplest cases of flat metrics it coincides with that which provides the existence of the Runge-
Lenz vector for the bosonic subsector [12, 13]. The isospin degrees of freedom are described by bosonic
auxiliary variables forming a N = 4 supermultiplet with additional, also auxiliary fermions. All these
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features appeared automatically due to a specific coupling in the extremely simple action Sc. In the
next two Sections we present the detailed description of our system in terms of superfields. The reader
who is not interested in the superfield approach may immediately pass to the components Lagrangian
(3.12) which is our main result. In Section 4 we develop the Hamiltonian approach and present N = 4
supercharges in an explicit form. Section 5 collects many particulary interesting (at least for us) cases,
including N = 4 superconformally invariant systems with Wu-Yang monopole, particles living in the flat
R
3 and in the R × S2 spaces and interacting with the monopole, and also particles moving on three-
dimensional sphere and pseudo-sphere with Wu-Yang monopole sitting in the center. Finally, we discuss
some unsolved problems and possible extensions of the present construction.
2 Preliminaries
One of the possibilities to invent spin-like variables in the Lagrangian of some supersymmetric mechanics
is to introduce a specific coupling of the basic supermultiplet with another “auxiliary” superfield which
contains these spin-variables together with auxiliary fermions. The most essential feature of such a
coupling is a first-order kinetic term for the spin-variables. The first realization of this idea has been
proposed in [8] where the spin-variables and auxiliary fermions seat in the auxiliary gauge supermultiplet.
Another approach, which we will follow in this Letter, has been elaborated in [10]. There, spin-variables
and auxiliary fermions were put in a doublet of fermionic superfields Ψα,Ψα subjected to the irreducible
conditions [14] 1
DiΨ1 = 0, DiΨ2 +DiΨ1 = 0, DiΨ
2 = 0. (2.1)
Here, we introduced the N=4 spinor covariant derivatives as
Di =
∂
∂θi
+ iθ¯i∂t, Di =
∂
∂θ¯i
+ iθi∂t,
{
Di, Dj
}
= 2iδij∂t. (2.2)
The constraints (2.1) leave in the superfields Ψα,Ψα four fermionic and four auxiliary bosonic components
ψα = Ψα|, ψ¯α = Ψα|, ui = −DiΨ2|, u¯i = DiΨ1|, (2.3)
where, as usual, | in the r.h.s. denotes the θ = θ¯ = 0 limit.
Following [10] let us introduce the coupling of Ψ supermultiplet with some arbitrary N=4 superfield
X subjected to the constraints
DiDiX = 0, DiD
iX = 0,
[
Di, Di
]
X = 0, (2.4)
as
Sc = − 1
32
∫
dtd4θX ΨαΨα. (2.5)
Being rewritten in terms of the components of Ψ (2.3) and X defined as2
x = X |, Aij = A(ij) =
1
2
[
Di, Dj
]
X |, ηi = −iDiX |, η¯i = −iDiX |, (2.6)
the action (2.5) reads
Sc =
∫
dt
[
−x
(
ψ˙1 ˙¯ψ2 − ψ˙2 ˙¯ψ1
)
− i
4
x
(
u˙iu¯i − ui ˙¯ui
)
+
1
4
Aiju
iu¯j+
1
2
ηi
(
u¯i ˙¯ψ2 + uiψ˙2
)
+
1
2
η¯i
(
uiψ˙
1 + u¯i
˙¯ψ1
)]
. (2.7)
1If we combine the spinor derivatives Di,Di in the quartet of derivatives ∇iα =
n
Di, Di
o
then the constraints (2.1)
acquire the familiar form ∇i(αΨβ) = 0
2We defined symmetrization over indices as a(ij) ≡
1
2
(aij + aji). The raising and lowering of the indices goes as
Ai = ǫijAj , Ai = ǫijA
j , and thus ǫijǫ
jk = δki .
2
The crucial observation of [10] is that in this action the fermionic fields ψα and ψ¯α appeared only through
the time derivatives and therefore one may replace these time derivatives by new fermionic fields ρα and
ρ¯α as
ρα = ψ˙α, ρ¯α =
˙¯ψα. (2.8)
This is nothing but the reduction from the (0, 4, 4) supermultiplet to the auxiliary (0, 0, 4, 4) one [15, 16,
17]. This reduction is compatible with N = 4 supersymmetry and the transformation properties of the
new fermions ρα, ρ¯α forming new N = 4 supermultiplet together with the bosonic components u
i, u¯i,
read
δρ1 = −ǫ¯i ˙¯ui, δρ2 = ǫi ˙¯ui, δui = −2iǫiρ¯1 + 2iǫ¯iρ¯2, δu¯i = −2iǫiρ1 + 2iǫ¯iρ2. (2.9)
Now one may easily check that the action
Sc =
∫
dt
[
−x (ρ1ρ¯2 − ρ2ρ¯1)− i
4
x
(
u˙iu¯i − ui ˙¯ui
)
+
1
4
Aiju
iu¯j+
1
2
ηi
(
u¯iρ¯2 + uiρ2
)
+
1
2
η¯i
(
uiρ
1 + u¯iρ¯
1
)]
, (2.10)
is invariant under (2.9), provided the components of the X supermultiplet transform in a standard way
as
δx = −iǫiηi − iǫ¯iη¯i, δηi = −ǫ¯ix˙− iǫ¯jAij , δη¯i = −ǫix˙+ iǫjAji , δAij = −ǫ(iη˙j) + ǫ¯(i ˙¯ηj). (2.11)
In the action (2.10) the fermionic fields ρα, ρ¯α are auxiliary ones and thus they can be eliminated by their
equations of motion
ρ1 =
1
2x
ηiu¯
i, ρ2 = − 1
2x
η¯iu¯i. (2.12)
Finally, the action describing the interaction of Ψ and X supermultiplets acquires the form:
Sc =
1
4
∫
dt
[
−ix (u˙iu¯i − ui ˙¯ui)+Aijuiu¯j + 1
x
ηiη¯j
(
uiu¯j + uj u¯i
)]
. (2.13)
Thus, we see that from fermionic superfields Ψa survive only bosonic components ui, u¯i entering the
action with kinetic term linear in time-derivatives. After quantization these variables become purely
internal degrees of freedom.
The next step is to extend the set of bosonic variables which have to interact with ”spin”-variables
by specializing the supermultiplet X and its self-coupling.
3 Coupling with tensor supermultiplet
To be meaningful the action (2.13) describing coupling of Ψ and X supermultiplets, has to be extended
by the action for the supermultiplet X itself. Clearly, the most general action of such type reads
Sx = − 1
32
∫
dtd4θF(X), (3.1)
where F(X) is an arbitrary function of X . In terms of components (2.6) the action (3.1) has the form
Sx =
1
8
∫
dt
[
F ′′x˙2 − 1
2
F ′′AijAij + iF
′′
(
η˙iη¯i − ηi ˙¯ηi
)
+ F ′′′ηiη¯jAij − 1
4
F (4)ηiηiη¯j η¯
j
]
, (3.2)
where
F (x) = F(X)|. (3.3)
If we consider the superfield X as an independent superfield then the sum of the actions (3.1) and (2.5)
S = Sx + Sc (3.4)
describes N = 4 supersymmetric mechanics with one physical boson x and four physical fermions ηi, η¯j
interacting with spin-variables ui, u¯i. Just this system has been considered in [10, 7, 8]. The main idea of
3
the present Letter is to consider the superfield X as a composite one, constructed from another “basic”
superfields containing more physical bosons. Let us choose as the “basic” superfields the triplet of bosonic
N = 4 superfields V ij = V ij subjected to the constraints
D(iV jk) = D(iV jk) = 0,
(
V ij
)†
= Vij . (3.5)
The constraints (3.5) leave in V ij the following independent components:
V ij | = vij , DiV kn| = −1
3
(εikλn + εinλk), DiV
kn| = 1
3
(δki λ¯
n + δni λ¯
k), DiD¯jVij | = A. (3.6)
Thus its off-shell component field content is (3, 4, 1), i.e. three physical vij and one auxiliary A bosons
and four fermions λi, λ¯i [18, 19].
Now one may check that the composite superfield
X =
1√
V 2
≡ 1√
V ijVij
(3.7)
obeys (2.4) in virtue of (3.5). The main novel feature of the representation (3.7) is that all components
of the X superfield, i.e. the physical boson x, fermions ηi, η¯i and auxiliary fields A
ij (2.6) are expressed
through the components of V ij supermultiplet (3.6) as
ηi = −2i
3
x3(vinλ
n), η¯i =
2i
3
x3(vinλ¯
n), x =
1√
v2
,
Aij = −ix3(vinv˙nj + vjnv˙ni )−
1
3
x3vijA+
2
9
x3(λiλ¯j + λj λ¯i)− 4
3
x5vijvknλ
kλ¯n. (3.8)
In what follows we prefer to work with ηi, η¯i fermions and therefore the suitable expression for Aij will
be
Aij = −ix3(vinv˙nj + vjnv˙ni )−
1
3
x3vijA+ 2x(vikvjn + vjkvin − 3vijvkn)ηk η¯n. (3.9)
Now we substitute the fields Aij in the action (3.4), eliminate the auxiliary field A by its equation of
motion and obtain the following action:
S =
∫
dt
[
x4
8
F ′′v˙knv˙kn +
i
8
F ′′(η˙iη¯i − ηi ˙¯ηi)− ix
2
4
F ′′
[
1 +
x
2
F ′′′
F ′′
]
(vinv˙
n
j + vjnv˙
n
i )η
iη¯j
− i
4
x(u˙iu¯i − ui ˙¯ui)− ix
3
4
(vinv˙
n
j + vjnv˙
n
i )u
iu¯j
+
x2
4F ′′
vijvknu
iu¯juku¯n +
1
4x
(uiu¯j + uju¯i)η
iη¯j
+
x
2
(vikvjn + vjkvin − vijvkn)ηkη¯nuiu¯j + x
2
4
F ′′′
F ′′
vijvknη
kη¯nuiu¯j
− 1
8x2
[
F ′′ + xF ′′′ − x
2
8
(F ′′′)2
F ′′
+
x2
4
F (4)
]
η2η¯2
]
. (3.10)
As the last step, to simplify the action (3.10), we pass to the new variables defined as
va = − i√
2
(σa)jiv
i
j =⇒ x =
1
(vava)1/2
ωi = ui
√
x , ω¯i = u¯i
√
x , ξi = ηi
√
F ′′
2
, ξ¯i = η¯i
√
F ′′
2
, (3.11)
where σa-matrices are chosen to satisfy
[
σa, σb
]
= 2iǫabcσc. In these variables the action (3.10) reads
S =
∫
dt
[
x4
8
Gv˙av˙a +
i
2
(ξ˙iξ¯i − ξi ˙¯ξi)− i
4
(ω˙iω¯i − ωi ˙¯ωi) + ix
2
2
εabcvav˙b
(
Ic − 2
(
1 +
x
2
G′
G
)
Σc
)
+
1
2G
(vaIa)2 − 2
G
(
1 +
x
2
G′
G
)
(vaIa)(vbΣb)− 4
3x2G2
(
G+ xG′ − x
2(G′)2
8G
+
x2
4
G′′
)
ΣaΣa
]
, (3.12)
4
where
G(x) ≡ F ′′(x), Ia = i
2
(σa)jiω
iω¯j , Σ
a = −i(σa)ji ξiξ¯j . (3.13)
One may check that the action (3.12) is perfectly invariant under N = 4 supersymmetry. We present
explicit N = 4 supersymmetry transformations of the physical components in Appendix (A.1).
The action (3.12) is the main result of this Letter. It describes the N = 4 supersymmetric three-
dimensional isospin particles moving in the magnetic field of some monopole. It is not too hard to
understand that the corresponding monopole will be of Wu-Yang type [11]. Indeed, from (3.12) we see
that the bosonic part of the vector potential of the monopole reads
Aa = − i
2v2
ǫabcvbIc. (3.14)
This is just the potential of the Wu-Yang monopole if we will be able to treat Ia, defined in (3.13), as
the proper isospin matrices3. This could be done in the Hamiltonian formalism which we will consider
in the next Section. Another interesting feature of the action (3.12) is appearance of the potential term
V =
1
2G
(vaIa)2. (3.15)
In the case of the flat metrics case, corresponding to G = 4/x4, it reduces to
VWY =
1
8(v2)2
(vaIa)2. (3.16)
In this form it completely coincides with the potential found in [12, 13] which is absolutely needed to
provide the isospin-particle moving in the field of a Wu-Yang monopole with the conserved Runge-Lenz
vector. In our approach this potential appears automatically, accompanying the Wu-Yang monopole
potential in the N = 4 supersymmetric action (3.12).
4 Hamiltonian and Supercharges
In order to find the classical Hamiltonian, we follow the standard procedure for quantizing a system with
bosonic and fermionic degrees of freedom. From the action (3.12) we define the momenta P a, πi, π¯
i, pi, p¯
i
conjugated to va, ξi, ξ¯i, ω
i and ω¯i, respectively, as
P a =
x4
4
Gv˙a − i
2
x2εabcvb
(
Ic − 2
(
1 +
x
2
G′
G
)
Σc
)
,
πi =
i
2
ξ¯i, π¯
i =
i
2
ξi, pi = − i
4
ω¯i, p¯
i =
i
4
ωi, (4.1)
and introduce Dirac brackets for the canonical variables
{va, P b} = δab, {ξi, ξ¯j} = iδij , {ωi, ω¯j} = 2iδij. (4.2)
Now one may check that the supercharges
Qi =
i
x
√
G
va
[
δijP
a + iεabcP b(σc)ij
]
ξ¯j +
i
2x
√
G
(σa)ij ξ¯
jIa − i
6
G′
G
√
G
(σa)ij ξ¯
jΣa ,
Q¯i =
i
x
√
G
va
[
δjiP
a − iεabcP b(σc)ji
]
ξj − i
2x
√
G
(σa)ji ξjI
a +
i
6
G′
G
√
G
(σa)ji ξjΣ
a , (4.3)
and the Hamiltonian
H =
2
x4G
P̂ aP̂ a − 1
2G
(vaIa)2 +
2
G
(
1 +
x
2
G′
G
)
(vaIa)(vbΣb)
+
4
3x2 G2
(
G+ xG′ − x
2
8
(G′)2
G
+
x2
4
G′′
)
ΣaΣa , (4.4)
3To be a solution of su(2) Yang-Mills equations the isospin matrices Ia entering the potential Aa have to commute
exactly as in (4.7)
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where
P̂ a = P a − ix2
(
1 +
x
2
G′
G
)
εabcvbΣc +
i
2
x2εabcvbIc (4.5)
form the N = 4 Poincare` superalgebra
{
Qi, Q¯j
}
=
i
2
δij H. (4.6)
From the explicit form of the Hamiltonian one may see that spin-variables enter it only through the three
dimensional vector Ia. This vector Ia commutes with everything, excluding itself, with which it forms a
su(2) algebra with respect to the brackets (4.2){
Ia, Ib
}
= 2iǫabcIc. (4.7)
In addition, the module I2 = IaIa commutes with the Hamiltonian. Thus, the relations (4.7) define the
classical isospin matrices with fixed isospin modulus. At the same time the fermions enter the Hamiltonian
only through the combination Σa which also obeys the brackets{
Σa,Σb
}
= 2iǫabcΣc, (4.8)
thus providing a description for the fermionic spin degrees of freedom.
Therefore, we conclude that the Hamiltonian (4.4) indeed describes the motion of the N = 4 super-
symmetric isospin particle in the field of a Wu-Yang monopole and a specific potential.
5 Cases of interest
Up to now our consideration was quite general, and the superpotential F(X) (3.1) as well as induced
metrics in the configuration space x4G(x)/8 were arbitrary. Let us now specify the superpotential to get
the cases of special interest.
5.1 Superconformal invariant models
From the general considerations presented in [10, 23] it follows that our models, in which we specified
the superfield X to be a composite one, possess invariance with respect to the most general N = 4
superconformal group in one dimension, i.e. the D(2, 1;α) one [20], provided we choose the superpotential
F(X) as
F(X) = X− 1α ⇒ G(x) = 1 + α
α2
x−2−
1
α , α 6= 0,−1
F(X) = X logX ⇒ G(x) = 1
x
, α = −1. (5.1)
The corresponding three-dimensional geometry is a 3-dimensional cone C(B) over the base manifold
B = S2 of radius 14α2 [14]. At α = ±1/2 one recovers flat space R3, while at any other α we will have a
curved manifold. Such a conical geometry is typical for the bosonic sectors of superconformal theories in
diverse dimensions [21, 22].
Among the superconformally invariant theories the flat metrics case with α = 1/2 is rather interesting
due to very simple form of the Lagrangian (we choose G(x) = 4x4 ):
Sα= 1
2
=
∫
dt
[
1
2
v˙av˙a +
i
2
(ξ˙iξ¯i − ξi ˙¯ξi) + i
4
(ω˙iω¯
i − ωi ˙¯ωi) + i 1
2 v2
εabcvav˙b (Ic + 2Σc)
+
1
8 (v2)2
(vaIa)2 +
1
2 (v2)2
(vaIa)(vbΣb)
]
, v2 ≡ vava. (5.2)
As we can see, the four-fermionic term disappeared from the action in this case.
The second choice for the flat metrics in the configuration space (α = −1/2) is achieved with G =
const = 4. In this case the kinetic term for va components reads
Lkin =
x4
2
v˙av˙a =
x4
2
(
x˙2
x4
+
1
x2
˙ˆva ˙ˆva
)
≡ 1
2
˙˜va ˙˜va, vˆavˆa = 1, v˜av˜a = x2. (5.3)
6
With these bosonic variables the action (3.12) reads
Sα=− 1
2
=
∫
dt
[
1
2
˙˜va ˙˜va +
i
2
(ξ˙iξ¯i − ξi ˙¯ξi) + i
4
(ω˙iω¯
i − ωi ˙¯ωi) + i
2 v˜2
εabcv˜a ˙˜vb (Ic − 2Σc)
+
1
8 (v˜2)2
(v˜aIa)2 − 1
2 (v˜2)2
(v˜aIa)(v˜bΣb)− 1
3 v˜2
ΣaΣa
]
. (5.4)
In this case the four-fermionic term is needed for N = 4 supersymmetry.
The actions for the remaining values of α do not have peculiarities or/and simplifications.
5.2 R× S2 case
Another selected case corresponds to the choice
F(X) = −4 logX ⇒ G = 4
x2
. (5.5)
With this choice the kinetic term for the bosonic va variables in the action (3.12) acquires the form
x2
2
v˙a v˙a =
1
2
(
x˙2
x2
+ ˙ˆva ˙ˆva
)
, vˆavˆa = 1, (5.6)
and thus we meet the R× S2 geometry in the bosonic sector. The full action now reads
SR×S2 =
∫
dt
[
1
2
(
x˙2
x2
+ ˙ˆva ˙ˆva
)
+
i
2
(ξ˙iξ¯i − ξi ˙¯ξi) + i
4
(ω˙iω¯
i − ωi ˙¯ωi) + i
2
εabcvˆa ˙ˆvbIc +
1
8
(vˆaIa)2
]
. (5.7)
In this action only two components of va, i.e. vˆa, interact with isospin degrees of freedom, while the
fermions together with the third physical field x are free. Nevertheless, the action (5.7) is still invariant
with respect to N = 4 supersymmetry.
5.3 Sphere and pseudo-Sphere
Surely, sphere and pseudo-sphere are the best known 3-dimensional manifolds. Therefore, we will present
the corresponding actions for N = 4 supersymmetric systems with such bosonic manifolds explicitly.
5.3.1 Sphere S3
To describe sphere S3 one has to choose
F(X) = 2 arctanX ⇒ x
4
8
G =
1
2 (1 + v2)2
. (5.8)
With this choice our action (3.12) reads
S =
∫
dt
[
v˙av˙a
2 (1 + v2)2
+
i
2
(ξ˙iξ¯i − ξi ˙¯ξi) + i
4
(ω˙iω¯
i − ωi ˙¯ωi) + 1
2v2
εabcvav˙b
(
Ic + 2
1− v2
1 + v2
Σc
)
+
(1 + v2)2
8(v2)2
(vaIa)2 +
1− (v2)2
2(v2)2
(vaIa)(vbΣb) +
(
1− v
2
3
)
ΣaΣa
]
. (5.9)
5.3.2 Pseudo-Sphere
To get a pseudo-sphere in the bosonic sector one has choose the superfield prepotential F as
F(X) = X log
(
1 +X
1−X
)
⇒ x
4
8
G =
1
2 (1− v2)2 . (5.10)
Now, our action (3.12) is simplified to be
S =
∫
dt
[
v˙av˙a
2 (1− v2)2 +
i
2
(ξ˙iξ¯i − ξi ˙¯ξi) + i
4
(ω˙iω¯
i − ωi ˙¯ωi) + 1
2v2
εabcvav˙b
(
Ic + 2
1 + v2
1− v2Σ
c
)
+
(1 − v2)2
8(v2)2
(vaIa)2 +
1− (v2)2
2(v2)2
(vaIa)(vbΣb)−
(
1 +
v2
3
)
ΣaΣa
]
. (5.11)
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6 Discussions and perspectives
In this Letter we have proposed the Lagrangian and the Hamiltonian formulations ofN = 4 supersymmet-
ric three-dimensional isospin-carrying particle moving in the non-Abelian field of a Wu-Yang monopole
and of some specific scalar potential. This additional potential is completely fixed by N = 4 super-
symmetry and in the simplest cases of flat metrics it coincides with that which provides the existence
of the Runge-Lenz vector for the bosonic subsector. The isospin degrees of freedom are described on
the Lagrangian level by bosonic auxiliary variables forming N = 4 supermultiplet with additional, also
auxiliary fermions.
The superfield Lagrangian description of these systems is so simple that one could wonder to see how
all couplings and the proper coefficients arise one by one in the component action.
All our consideration here was a classical one. So, one of the immediate tasks is to provide a quantum
description for, at least, one of the listed systems, in order to clarify the role of N = 4 supersymmetry.
Another very interesting task, which we completely ignored in the present Letter, is to check the existence
of the conserved Runge-Lenz vectors in our N = 4 supersymmetric systems. The strict form of the arising
potential which is accompanying the Wu-Yang monopole and which is compatible with the existence of
Runge-Lenz vectors in the bosonic sector, looks quite promising. The related question of the existence of
nonlinear supersymmetry in our systems (see e.g. [28]) is also open.
Being quite general, the constructed systems include such interesting cases as N = 4 superconformally
invariant systems with D(2, 1;α) superconformal group, particles in the flat R3 and R×S2 spaces and also
particles moving on three-dimensional sphere and pseudo-sphere. Nevertheless, there are some possible
extensions of the constructed system in the following directions
• First of all one could consider more general actions for a self-coupled N = 4 tensor V ij supermul-
tiplet, instead of Sx (3.1), by treating the prepotential F as an arbitrary function depending on
superfields V ij . The corresponding system will include a more complicated metric in the configu-
ration space and more complicated couplings, as it happened in the case without isospin variables
[24, 25].
• Another possible extension includes additional self-coupling action for the Ψ supermultiplet like
Sβ ∼ β
∫
dtd4θΨαΨα,
with some arbitrary constant parameter β. This additional action will preserve all nice features of
our system, but the potential of the monopole will change to be
Aaβ = −
i
2
√
v2(
√
v2 + β)
ǫabcvbIc
instead of the Wu-Yang monopole (3.14).
• While working with the tensor V ij supermultiplet one may introduce more complicated couplings
with auxiliary Ψ supermultiplet like
Sad ∼
∫
dtd4θ
(
β1Vij + β2
Vij
(V 2)
3
2
)
ΨiαΨjα,
where we combine Ψα,Ψα into the quartet Ψ
iα. These coupling will preserve the auxiliary nature
of superfields Ψ and will result in a non-flat structure of kinetic terms for spin-variables.
• Finally, one may add some potential terms for the tensor supermultiplet V ij [25].
Each of these modifications will result in much more complicated (even in the bosonic sector) systems.
It is not clear to us whether such extensions (or which of them) are interesting. That is why we limited
ourselves in the present Letter to the simplest of the possible systems with clear meaning.
Another line of the possible extensions of the present construction is based on the old idea to get a
four-dimensional hyper-Ka¨hler manifold by dualization of the bosonic auxiliary component in the tensor
supermultiplet V ij [26, 27]. The first, preliminary calculations we did, show that in such models there will
be strong correlations between the structure of the arising monopoles and the corresponding hyper-Ka¨hler
metrics. It would be interesting to explore these systems in detail.
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Appendix: On-shell realization of N=4 supersymmetry
The explicit N = 4 supersymmetry transformations of the physical components leaving the action (3.12)
invariant read
δva = − 2i
x
√
G
εi
[
ξiv
a + iεabc(σc)ji ξjv
b
]
+
2i
x
√
G
ε¯i
[
ξ¯iv
a + iεabc(σc)ji ξ¯jv
b
]
, (A.1)
δωi =
i
x
√
G
[
εkωi − 2εiωk
]
ξk +
i
x
√
G
[
ε¯kω
i − 2ε¯iωk
]
ξ¯k,
δω¯i =
i
x
√
G
[
εkω¯i − 2εiω¯k
]
ξk +
i
x
√
G
[
ε¯kω¯i − 2ε¯iω¯k
]
ξ¯k,
δξi = − iG
′
2(G)3/2
εiξ2 +
x3
2
√
G ε¯j
[
δijv
av˙a − iεabc(σc)ijvav˙b
]
+
2i
x
√
G
ε¯jξj ξ¯
i
+
2i
x
√
G
[
1 +
x
2
G′
G
]
ε¯jξiξ¯j + 2
x√
G
[
1 +
x
2
G′
G
]
ε¯jvavb(σa)ijΣ
b − x√
G
ε¯jvavb(σa)ijI
b,
δξ¯i = − iG
′
2(G)3/2
ε¯iξ¯
2 +
x3
2
√
Gεj
[
δji v
av˙a + iεabc(σc)jiv
av˙b
]
+
2i
x
√
G
εj ξ¯
jξi
+
2i
x
√
G
[
1 +
x
2
G′
G
]
εjξj ξ¯i − 2 x√
G
[
1 +
x
2
G′
G
]
εjv
avb(σa)jiΣ
b +
x√
G
εjv
avb(σa)ji I
b.
References
[1] S.R. Coleman, The Magnetic Monopole Fifty Years Later, in Les Houches Sum. School (1981) 461;
P. Goddard, D.I. Olive, New Developments in the Theory of Magnetic Monopoles, Rep. Prog. Phys.,
41(1978)1357;
R. Jackiw, Dynamical Symmetry Of The Magnetic Monopole, Annals Phys. 129(1980) 183.
[2] S.K. Wong, Field and particle equations for the classical Yang-Mills field and particles with isotopic
spin, Nuovo Cimento, 65A(1970) 689.
[3] N. Linde, A.J. Macfarlane, J.W. van Holten, Particle Motion in a Yang-Mills Field: Wong’s Equa-
tions and Spin-1/2 Analogues, Phys. Lett. B373(1996)125.
[4] A.P. Balachandran, P. Salomonson, B.-S. Skagerstram, J.-O. Winnberg, Classical description of a
particle interacting with a non-Abelian gauge field, Phys. Rev. D15(1977)2308.
[5] M.S. Plyushchay, Monopole Chern-Simons Term: Charge-Monopole System as a Particle with Spin,
Nucl.Phys. B589 (2000) 413; arXiv:hep-th/0004032.
[6] M. Gonzales, Z. Kuznetsova, A. Nersessian, F. Toppan, V. Yeghikyan, Second Hopf
map and supersymmetric mechanics with Yang monopole, Phys.Rev. D80(2009)025022;
arXiv:0902.2682[hep-th];
S. Bellucci, F. Toppan, V. Yeghikyan, Second Hopf map and Yang-Coulomb system on 5d
(pseudo)sphere; arXiv:0905.3461[hep-th].
[7] S. Fedoruk, E. Ivanov, O. Lechtenfeld, Supersymmetric Calogero models by gauging,
Phys.Rev. D79(2009)105015; arXiv:0812.4276[hep-th].
[8] S. Fedoruk, E. Ivanov, O. Lechtenfeld, OSp(4|2) Superconformal Mechanics,
JHEP 0908(2009)081, arXiv:0905.4951[hep-th].
9
[9] S. Krivonos, O. Lechtenfeld, SU(2) reduction in N=4 supersymmetric mechanics, Phys.Rev.
D80(2009)045019; arXiv:0906.2469 [hep-th].
[10] S. Bellucci, S. Krivonos, Potentials in N=4 superconformal mechanics,
Phys.Rev. D80(2009)065022, arXiv:0905.4633[hep-th].
[11] T.T. Wu, C.N. Yang, Some solutions of the classical isotopic gauge field equations, in Properties of
Matter under Unusual Conditions, Festschrift for the 60th birthday of E. Teller, p.349, Ed. H. Mark
and S. Fernbach, Interscience:(1969);
T.T. Wu, C.N. Yang, Some Remarks About Unquantized Nonabelian Gauge Fields, Phys.Rev.
D12(1975)3843.
[12] P.A. Horva´thy, Isospin dependent O(4,2) symmetry of selfdual Wu-Yang monopoles, Mod.Phys.Lett.
A6(1991)3613.
[13] P.A. Horva´thy, J.-P. Ngome, Conserved quantities in non-abelian monopole fields, Phys.Rev.
D79(2009)127701; arXiv:0902.0273[hep-th].
[14] E. Ivanov, S. Krivonos, O. Lechtenfeld, N=4, d = 1 supermultiplets from nonlinear realizations of
D(2, 1;α), Class. Quant. Grav. 21(2004)1031, arXiv:hep-th/0310299.
[15] S.J. Gates Jr., L. Rana, Ultramultiplets: A New representation of rigid 2-d, N=8 supersymmetry,
Phys.Lett. B342(1995)132, arXiv:hep-th/9410150.
[16] S. Bellucci, S. Krivonos, A. Marrani, E. Orazi, “Root” action for N=4 supersymmetric mechanics
theories, Phys. Rev. D73 (2006) 025011, arXiv:hep-th/0511249.
[17] S. Bellucci, S. Krivonos, Supersymmetric mechanics in superspace, Lect. Notes Phys. 698 (2006) 49,
arXiv:hep-th/0602199.
[18] M. de Crombrugghe, V. Rittenberg, Supersymmetric Quantum Mechanics, Ann. Phys. 151(1983)99.
[19] E.A. Ivanov, A.V. Smilga, Supersymmetric gauge quantum mechanics: Superfield description, Phys.
Lett B257(1991)79;
V.P. Berezovoj, A.I. Pashnev, Three-dimensional N=4 extended supersymmetrical quantum mechan-
ics, Class. Quant. Grav. 8(1991)2141;
A. Maloney, M. Spradlin, A. Strominger, Superconformal multiblack hole moduli spaces in four-
dimensions, JHEP 0204(2002)003, arXiv:hep-th/9911001.
[20] L. Frappat, A. Sciarrino, P. Sorba, Dictionary on Lie Algebras and Superalgebras, Academic Press,
432p.,2000;arXiv:hep-th/9607161.
[21] G.W. Gibbons, P. Rychenkova, Cones, triSasakian structures and superconformal invariance, Phys.
Lett. B443(1998)138, arXiv:hep-th/9809158.
[22] S. Bellucci, A. Nersessian and A. Yeranyan,Quantum mechanics model on Ka¨hler conifold, Phys.Rev.
D70(2004)045006; arXiv:hep-th/0312323.
[23] E. Ivanov, S. Krivonos, O. Lechtenfeld, New variant of N=4 superconformal mechanics,JHEP
0303(2003)014; arXiv:hep-th/0212303.
[24] A.V. Smilga, Perturbative Corrections To Effective Zero Mode Hamiltonian In Supersymmetric Qed,
Nucl.Phys. B291(1987)241.
[25] E. Ivanov, O. Lechtenfeld, N=4 Supersymmetric Mechanics in Harmonic Superspace, JHEP 0309
(2003) 073; arXiv:hep-th/0307111.
[26] S. Krivonos, A. Shcherbakov, N=4, d=1 tensor multiplet and hyper-Kahler sigma-models, Phys.Lett.
B637(2006)119; arXiv:hep-th/0602113.
[27] S. Bellucci, S. Krivonos, A. Shcherbakov, Hyper-Kaehler geometry and dualization, Phys.Rev.
D73(2006)085014; arXiv:hep-th/0604056.
10
[28] M.S. Plyushchay, Nonlinear supersymmetry: from classical to quantum mechanics, J.Phys.
A37(2004)10375; arXiv:hep-th/0402025,
C. Leiva, M.S. Plyushchay, Nonlinear superconformal symmetry of a fermion in the field of a Dirac
monopole, Phys.Lett. B582(2004)135; arXiv:hep-th/0311150.
11
